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Abstract

In this addendum we look at two mesoscale aspects of complex net-
works: homophily and core-periphery structures.

1 Homophily

“Birds of a feather flock together” is a popular way of saying. It originates from
the fact that many species of bird flock with individuals of their own kind and
coordinate when moving around. This phrase has been adopted in sociology to
exemplify the concept of homophily: people will tend to associate with people
with similar characteristics as their own. In a social network, homophily implies
that nodes establish edges among them if they have similar attributes. If you
have a particular taste in movies, and there are two potential friends, you are
more likely to choose the one with similar tastes as yours, because you have
more things to talk about and have less potential for conflict.

There are many observed examples of homophily in real world social net-
works. Many factors influence and favor homophily. For instance: space, mean-
ing that living in the same place makes it easier to have stronger connections;
time, meaning that being in the same age range favors connections – think about
school friends: 38% of a person’s friends are within a 2-year age gap –; similarity,
for instance in marriage network it is so overwhelmingly likely to marry someone
of the same race that sociologists don’t study this fact any more because it’s so
boringly obvious. We illustrate these examples in Figure 1.

Homophily arises very strongly even with mild preferences. One classical
example is segregation. The famous “Parable of Polygons1” starts from a simple
assumption: people want to live with at least some similar people next to them.
Even if they do not seek a majority of alike neighbors the end result is very
clustered. Try to make an experiment and set the threshold to 40%, which
means that people are happy being in the minority. You’ll still end up with
segregation.

1https://ncase.me/polygons/
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Figure 1: Some examples of homophily driven by spatial, temporal, and at-
tribute similarity.

Figure 2: A toy example to test our measures of homophily. We represent the
categorical binary attribute with node color, with two possible values: red and
green.

We can put a number to the homophily of a network. When the attribute is
quantitative, you can use the same technique to estimate the degree assortativ-
ity, which we don’t cover here. If you have a categorical binary attribute, you
have two options.

In the first option, you can estimate the probability of an edge to connect
alike nodes, and compare to the probability of connection in the network. Con-
sider Figure 2. We have 20 edges connecting nodes with the same color over 22
total edges in the graph. Therefore, the observed probability of nodes between
alike nodes is 20/22. In the graph we have 11 nodes, thus the number of pos-
sible edges is n(n − 1)/2 = 55 (with n = 11). So the probability of having a
connection between any node pair is 22/55. Thus we see that the probability
of an edge being between alike nodes is more than twice what we would have
expected: (20/22)/(22/55) ∼ 2.27. Values higher than one imply homophily,
while values lower than one mean that nodes tend to connect with similar nodes
less than we expect.
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This first option gets complicated if you have more than two possible values
for your attribute, and also if some values are more popular than others. Our
second option is to build a generalized formula. In this case, we look at the
probability of edges connecting alike nodes per attribute value i, and we compare
it to the probability of an edge to have at least one node with attribute value i.
The formula is:

r =

∑
i

eii −
∑
i

aibi

1 −
∑
i

aibi
,

where eii is the probability of an edge to connect two nodes which both have
value i, ai is the probability that an edge has as origin a node with value i, and
bi is the probability that an edge has as destination a node with value i. In an
undirected network, the latter two are equal: ai = bi. This formula takes values
between -1 (perfect disassortativity) and 1 (perfect assortativity: each attribute
is a separate component of the network).

In Figure 2 we have two values i: red and green. There are 22 edges in the
graph: eight green-green edges – thus the probability is 8/22 – and 12 red-red
edges – thus the corresponding eii value is 12/22. Ten edges originate (and
end) in a green node: ai = bi = 10/22; and 14 originate (and end) in a red
node: ai = bi = 14/22. The final value of homophily is ∼ .766. This value is
interpretable as a sort of Pearson correlation coefficient, which means that .766
is pretty high.

Is homophily a good thing? In some aspects yes. A person who is surrounded
by people with similar tastes and behaviors is happy. But suppose this person
is looking for a job. It is very difficult, in presence of high homophily, for a
message to arrive to the job seeker, because she only has close ties who cannot
broker to her new information from the outside. The ties that bind different
communities with different people are weak ties and they have been shown to be
fundamental in the job market by Granovetter. To put it simply: it’s rarely your
closest friends who make you find a job, but that far acquaintance with whom
you rarely speak, because your close friends usually access the same information
as you do and so cannot tell you anything new.

Homophily can be a channel for behavioral changes. In a health study,
researcher looked at health indicators from thousands of people in a community
over 32 years. They saw that behavior and health risks that are not contagious
actually are. For instance obesity: if you have an obese friend, the likelihood
of you becoming obese increase by 57% in the short term. This is like the
Susceptible-Infected epidemic models we saw, even if obesity is not a biological
virus. It is rather a social type of virus.

Same with smoking, although in this case it worked the opposite: people were
quitting in droves. This is due to social pressure and homophily: a behavior you
might not adopt by yourself is brokered by your social circle, which you trust
because it is made by people like you, it speaks to your identity.

So far we have seen homophily as a constructive force, meaning that people
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Figure 3: A toy example of the Discrete Model for core-periphery structures.
This adjacency matrix shows, highlighted in blue, a dense area of the network
with many connections. In green, a sparser area: the periphery. Connections
only go to (or from) a core member, meaning that in the main diagonal in the
peripheral area there are no entries larger than zero.

with similar characteristics link to each other. But one can also see homophily
as a destructive force: people who are connected and discover differences in their
characteristics might decide to rescind their connection. This is seen especially
in echo chambers. Suppose you’re on Facebook and you share a lot on scientific
topics. One of the members of your community has outside connections, which
could be convincing them of something like anti-vaccination. This person starts
sharing anti-vax content, and the rest of the community is likely to rescind its
connections. Which ends up creating groups that cannot connect any more
people with different ideas, and thus reinforce each other convictions without
any debate.

Homophily or assortativity is not the only game in town. Some things in
social networks are very disassortative. For instance, consider sexual partners.
When looking at some attributes, it is an assortative network: people try to
find mates with similar characteristics. On the other hand, other attributes are
very disassortative, for instance gender. Notwithstanding notable exceptions,
the majority of edges in this network are between unlike genders.

2 Core-Periphery

We already saw the concept of core and periphery when we discussed about
node roles and k-core centrality. To sum up what we saw, the basic assumption
of core periphery structure is that we have a part of the network with dense
connections – the core – and a part with sparse connections – the periphery.

In a pure idealized core-periphery network the nodes can be classified strictly
into two classes: core and periphery. There can be only two types of connections:
between core nodes – which is the most common edge type, since the core is
densely connected – and between a core-periphery pair. Peripheral nodes do not
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Figure 4: A toy example of the Continuous Model for core-periphery structures.
This network shows a densely connected core (blue), a pure periphery whose
nodes do not connect to each other (green), and an intermediate stage which is
not dense enough to be part of the core, but whose nodes still connect to each
other (purple).

connect to each other. So in the adjacency matrix, which we show in Figure 3,
there’s a big area with no connections. This is known as the “Discrete Model”.
It is a very strict one, and rarely real world networks comply with this standard.

Looser than the Discrete Model, in the Continuous Model we have an arbi-
trary number of classes for the nodes beyond the core. The intermediate classes
can interconnect with each other and with the periphery proper, just in a looser
way than the core proper. We show an example in Figure 4. This is in line
with the k-core centrality we saw earlier in the course, although k-core is a very
strict way to go about it.

There is a tension between core-periphery structures (CP) and the classical
community discovery (CD) assumption: in CP there isn’t space for communities,
given that there’s only one dense area and everything connects to it. In CD,
there’s no space for peripheries, and there are multiple cores. This is problematic
since we have evidence that core-periphery structures are ubiquitous, and so
are communities. The reason is that every network lives on a core-periphery
to community structure continuum, and they are distributed in such a way
that perfect instances are extremely rare. In most cases, networks are in a
middle way. But this continuum is not monodimensional: the way in which
each network blends CPs with communities is always different and difficult to
grasp.

The emergence of core-periphery structures can be observed in many sys-
tems. For instance economics. Consider Hotelling’s law. Suppose that you are
on a beach with two ice cream vendors of equal quality. People want ice cream,
and since the two vendors offer the same quality, the customers will go to the
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Figure 5: A toy example of a network built accordingly to the Central Place
Theory. (Left) Graph view: the most central 5-clique is the federal capital
connected with smaller 3-cliques representing state capitals and connecting to
their peripheries. (Right) Adjacency matrix view.

closest vendor. Therefore, a rational vendor would move their stand so that it
can capture the people in the middle. The other vendor would do the same,
with the equilibrium result of vendors concentrating in the middle, even though
that means increasing the walk length for every customer.

This is observed in reality, at multiple levels. Consider a federal govern-
ment structure, where state governments coalesce into state capitals that need
to be visited by their peripheries. In turn, federal capitals provide even higher
level services and thus attract people from each state. This is related to the
Central Place Theory in economic geography, which says that settlements sim-
ply function as “central places” providing services to surrounding areas. The
more sophisticated the service the harder it is to provide, and thus it requires
more centralization. If we keep centralizing sophisticated services, we end up
with a high-level central core, several secondary lower level cores and various
peripheries, in a fractal way.

If we look at the types of networks generated with central place theory in
mind – for instance Figure 5 –, we realize they do not conform very much to
the strict core-periphery structure imposed by the Discrete Model, and they are
not quite the same as the Continuous Model, due to their multi-core nature.
However, their schematic structure brings us closure when it comes to the ten-
sion between core-periphery and community discovery. The networks do have a
core, and also some sort of communities, coalescing around the secondary cores.
These networks are very similar to the Kronecker graphs we saw in the graph
modeling lecture.
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